In this note we prove that the moduli space of torsion-free modules of rank one over an Azumaya algebra on a K3-surface is an irreducible symplectic variety deformation equivalent to a Hilbert scheme of points on the K3-surface.
Introduction
Assume X is a smooth projective K3-surface over C and let A be an Azumaya algebra on X. The algebra A is an example of a so called noncommutative projective surface and also an example of what is called a Calabi-Yau order, that is a noncommutative analogue of a classical K3-surface.
Locally projective A-modules of rank one can be considered as line bundles on this noncommutative surface. In ( [HS05] ) the authors construct moduli schemes for such line bundles. These schemes can be seen as noncommutative versions of the usual Picard schemes. By allowing torsion-free A-modules and by fixing invariants, for example the Mukai vector, theses moduli schemes are shown to be projective schemes over C. Furthermore the authors show that these moduli schemes are smooth and possess a symplectic structure. So one can ask the question: are these moduli schemes irreducible symplectic varieties (hyperkähler manifolds)?
There are 4 known classes of hyperkähler manifolds: we have the Hilbert schemes of points on a smooth projective K3-surface and the generalized Kummer varieties associated to an abelian surface, both of these classes are due to Beauville. Furthermore there is a class of 6-dimensional examples and one class of 10-dimensional examples, both classes are due to O'Grady using symplectic desingularization. All other known examples of hyperkähler manifolds are deformation equivalent to one of the four examples mentioned above. So if the moduli spaces of line bundles on a noncommutative Azumaya surface are hyperkähler manifolds, do they give rise to a new class or are they also deformation equivalent to one of the four known classes?
In this note we prove that these moduli spaces are in fact hyperkähler manifolds and that they do not give rise to a new class of hyperkähler manifolds. We prove that they belong to the first class by showing that they are deformation equivalent to appropriate Hilbert schemes. This is done by comparing the moduli spaces to moduli spaces constructed by Yoshioka in ( [Yos06] ). Yoshioka proves that they are hyperkähler manifolds deformation equivalent to Hilbert schemes, hence so are the moduli spaces of line bundles on a noncommutative Azumaya surface.
Modules over Azumaya algebras and Brauer-Severi varieties
In this section we assume X is any fixed scheme of finite type over C, that is X ∈ Sch C . Following ([HL10]) we denote by Sch C the category of schemes of finite type over C and for X ∈ Sch C we denote the category of schemes of finite type over X by Sch X .
is a central simple algebra over the residue field k(x).
Remark 1.2. The rank of an Azumaya algebra A is always a square, that is we have rk(A) = r 2 . We also note that for every morphism f : T → X the O T -algebra f * A is an Azumaya algebra on T .
Define the functor BS(A) : (Sch X ) op → Sets which sends an X-scheme f : T → X to the set of left ideals I ⊆ A T such that A T /I is a locally free O T -module of rank r(r − 1), here A T = f * A. Remark 1.4. For every X-scheme f : T → X we get by functoriality a canonical isomorphism
The scheme BS(A) is called the Brauer-Severi variety associated to A. In the following we will just write π : Y → X for this X-scheme.
There is a canonically defined locally free sheaf G of rank r on Y , which is unique up to scalars ([Yos06, Lemma 1.1.]), which sits in the Euler sequence 
Here the morphism is the canonical morphism coming from the adjunction between π * and π * .
Furthermore we denote the category of coherent sheaves on X having the structure of a left respectively right A-module by Coh l (X, A) respectively Coh r (X, A).
Lemma 1.6. Assume π : Y → X is a Brauer-Severi variety, then for E ∈ Coh(X) we have
Since Y is anétale P r−1 -bundle over X we have
It is therefore enough to prove this after a faithfully flatétale base change f :
and using Morita equivalence we see that
Remark 1.7. The Brauer-Severi variety π : Y → X associated to an Azumaya algebra A has the following splitting property: there is an isomorphism of
.]). This shows that we have
Remark 1.8. Using Morita equivalence one can see that there is an equivalence of categories
The equivalence is given by
Lemma 1.9. Assume A is an Azumaya algebra on X and let π : Y → X be the associated Brauer-Severi variety. Then there is an equivalence of categories:
Proof. The category Coh l (X, A) is isomorphic to Coh r (X, A op ), hence it is enough to show that Coh r (X, A op ) and Coh(Y, X) are equivalent. For this we define the following functors:
First of all we need to verify that F and H are well-defined. That is we need to see that
For i) we look at the canonical morphism
But by definition we have
So we have to see that π * π * π * E → π * E is an isomorphism. But this follows since E → π * π * E is an isomorphism by (1.6) and (π * , π * ) is a pair of adjoint functors.
For ii) we just note that
. Now we study F • H and H • F : for E ∈ Coh r (X, A op ) we have:
again by (1.6). Now for E ∈ Coh(Y, X) we get
The first isomorphism follows from E ∈ Coh(Y, X) and the second isomorphism follows from
This shows that these two categories are equivalent and therefore Coh l (X, A) and Coh(Y, X) are also equivalent.
In this section we work again with a fixed scheme X, which in this case should be a smooth projective K3-surface over C. Thus we have the Mukai pairing < −, − > on H 2 * (X, Q) given by
see for example ([HL10, 2.6.1.5]). To shorten notation we write x 2 for the term < x, x >. We want to study moduli spaces of sheaves on X, so we need to understand families of sheaves. For this we pick an Azumaya algebra A of rank r 2 on X and let π : Y → X be the associated Brauer-Severi variety. For every S ∈ Sch C and for every s ∈ S we have the double pullback diagram:
where we have Y × S ∼ = BS(A S ) and Y s ∼ = BS(A s ) by (1.4) so that both schemes are also Brauer-Severi varieties. The following objects live on the various schemes in this diagram:
• A on X, A S := p * A on X × S and A s := i * s p * A on X s .
•
Remark 2.1. At the generic point η ∈ X the Azumaya algebra A is given by the central simple algebra A η = M n (D) for some division ring D over the function field C(X). Without loss of generality we may assume n = 1. This is because we are only interested in the 
Proof. See ([CT04, Théorème 2.5.]).
Using this we see that a generically simple A-module E, i.e. E η is a simple A η -module, must be generically of rank one over A, hence has rank r 2 over X. We call such modules A-modules of rank one. Now we can study the moduli functors of interest. The other moduli functor of interest is the following:
which maps a C-scheme S to the set of isomorphism classes of families of torsion-free G-twisted semistable O Y -modules of rank r with Mukai vector v G over S. This moduli functor has also been well studied: 
Furthermore in ([Yos06, Definition 3.1.]) Yoshioka defined for E ∈ Coh(Y, X):
(Actually Yoshioka defines this vector using the derived direct image, but the sheaf E ⊗G ∨ does not have higher direct images for E ∈ Coh(Y, X) by (1.6).) Using the equivalence from (1.9) we have v G (F (E)) = v A (E) and v A (H(E)) = v G (E). This is because A op ∼ = π * (G ⊗ G ∨ ) and ch(A op ) = ch(A). So these Mukai vectors are the same and in the following we will omit the subscript and just write v for a fixed Mukai vector.
If E ∈ Coh l (X, A) is given such that E is a torsion-free A-module of rank one with Mukai vector v = v A (E), then we have rk(E) = r 2 . Now E has no A-submodules E ′ E with 0 < rk(E ′ ) < r 2 because any such module must satisfy r 2 |rk(E ′ ) which is impossible. So F (E) is a torsion-free O Y -module of rank r, has Mukai vector v G = v and has no submodules in Coh(Y, X) since F preserves submodules. F (E) is therefore G-twisted stable.
On the other hand if E ∈ Coh(Y, X) is given and E is a torsion-free G-twisted semistable O Y -module of rank r with v G (E) = v then H(E) ∈ Coh l (X, A) and H(E) is torsion-free and of rank one, as rk(H(E)) = r 2 . We can conclude that E must be G-twisted stable, because any submodule E ′ E in Coh(Y, X) with 0 < rk(E ′ ) < r would give rise to an A-submodule H(E ′ ) H(E) in Coh l (X, A) with 0 < rk(H(E ′ )) < r 2 as H also preserves submodules. But this is impossible since H(E) is a torsion-free A-module of rank one. We have thus proven the following lemma: Looking at the definition of the moduli functors, we see that we are working with two kind of families of sheaves: i) a family of torsion-free A-modules of rank one with Mukai vector v is a sheaf E ∈ Coh l (X × S, A S ) such that E is flat over S and E s = i * s E is a torsion-free A s -module of rank one on X s with Mukai vector v for every closed point s ∈ S, especially E s ∈ Coh l (X s , A s ).
ii) a family of torsion-free G-twisted semistable O Y -modules of rank r with Mukai vector v is a sheaf F ∈ Coh(Y × S, X × S) such that F is flat over S and F s = j * s F is a torsion-free G-twisted semistable O Y -module of rank r on Y s with Mukai vector v for every closed point s ∈ S, especially F s ∈ Coh(Y s , X s ). Now for every S ∈ Sch C we have X × S ∈ Sch C . Furthermore A S is an Azumaya algebra on X × S with a canonical isomorphism BS(A S ) ∼ = Y × S so lemma (1.9) gives us an equivalence of categories
which has the following property:
Lemma 2.8. The equivalence Coh l (X × S, A S ) ∼ = Coh(Y × S, X × S) maps families of type i) to families of type ii) with semistable replaced by stable and vice versa.
Proof. Let E be a family of type i). Define
F is a family of type ii). We have F ∈ Coh(Y × S, X × S) and F is flat over S. To see this note that π S is faithfully flat, so π * S E is flat over S, see ([GD65, 2.2.11 (iii)]). Furthermore G S is a flat π * S (A op S )-module, so F is flat over S. We also see that
So F s ∈ Coh(Y s , X s ) and F s is a torsion-free G-twisted stable O Y -module of rank r on Y s with Mukai vector v by (2.6). Let F be a family of type ii). Define E := π S * (F ⊗ G ∨ S ), then E is family of type i). We have E ∈ Coh l (X × S, A S ) and E is flat over S. To see this we note that this can be tested after pullback with a faithfully flat morphism f :
and the latter is flat over S since F and G ∨ S are. Finally
So E s ∈ Coh l (X s , A s ) and E s is a torsion-free A s -module of rank one on X s with Mukai vector v by (2.6).
Theorem 2.9. Assume v = v A (E) is a Mukai vector for some torsion-free A-module E of rank one, then the functors M A/X (v) and M One computes:
So η is in fact a natural transformation. Define a second natural transformation Ψ :
Again this map is well-defined by (2.8). Then one sees
Finally by what we have already seen η S are Ψ S are inverse bijections for every S, so η is a natural isomorphism between these moduli functors. Proof. This follows from (2.11) using the fact that the Betti numbers and the Hodge numbers are invariant with respect deformation equivalence.
